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Abstract
We propose the Kaluza-Klein inspired Brans-Dicke gravity model containing
possible existence of dark matter and dark energy. The massive scalar field
coupled with gravity in 5 dimensional spacetime can be reduced to 4 dimen-
sional gravity along with the dilaton φ, gauge fields Aµ, and the tower of scalar
fields ηn. We then use the dynamical system approach to analyze the critical
points and their corresponding physical parameters. We found that in the
case where only the zero mode of the Kaluza-Klein scalar is decoupled, the
system contains both dark matter and dark energy phase depending on the
mass parameter with the presence of the gauge field.
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1. Indroduction
On the one hand, the mysterious accelerated expansion of the universe is
one of the major problems in modern cosmology at the present. Recent obser-
vational data of supernovae type Ia indicates that the universe is expanding
with acceleration at a large scale [1, 2]. This is the so-called Dark Energy
(DE) problem. According to the observational data, we find that the universe
is dominated by the DE which accounts for 70% of the total energy density
[3, 4]. There is no conventional physical mechanism capable of completely
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explaining the accelerated cosmic expansion. The simplest idea of introduc-
ing a cosmological constant seems to agree with the observational data of
the accelerating universe. However the cosmological constant suffers from a
serious problem in the theoretical sense, i.e., the values of the cosmological
constant coming from field theory is extremely bigger than the value from the
observational data [5, 6]. Several alternative phenomenological suggestions
and theoretical hypotheses have been proposed to resolve this issue instead.
The most popular approach is to introduce a new form of matter or an exotic
matter with negative pressure as a source of the accelerating universe [7, 8].
So far, however, there is no evidence or experiment to prove the existence of
the exotic matter, yet.
On the other hand, the nature of Dark Matter (DM) is a part of the un-
solved problems in physics [9]. DM was proposed as a hypothetical particle
with no electromagnetic interaction but its gravitational interaction is respon-
sible for holding galaxies and forming the large scale structure of the universe
[10, 11]. The observational results have been suggesting that DM composes
about 27% of the total energy density of the universe. This kind of matter
interacts very weakly, if not at all, to all known fundamental forces in the
standard model of particle physics (SM). Figuring out what DM is made of is
one of current on-going particle physics research [12, 13, 14].
These lead to reconsideration or a modification of GR at the large scale
[15, 16, 17, 18, 19, 20]. By retaining prominent features of GR, the modified
gravity is aimed to solve several GRs problems not only for DE problem, for
instance, non-renormalizability, DM and so on. Notice that there are countless
inequivalent ways to modify gravity leading to theories that can be designed
to reconcile with current observations. Cosmological observations suggest that
GR must be modified at very low and/or very high energies. Experimental
searches for beyond-GR physics are a particularly active and well-motivated
area of research. The simple extension of the modified gravity is to consider
adding an additional degree of freedom in the theories. This extension of
modified gravity is equivalent to the scalartensor theories which have been ex-
tensively studied in the literature see [21, 22] and references therein. The main
idea of the scalar-tensor theories is that the gravitational interaction is medi-
ated by scalar and tensor fields. The most popular and well-behaved model of
the scalar-tensor theories is the Brans-Dicke (BD) theory. Inspired by Machs
principle, the reference frame of the BD theory comes from the distribution of
matters in the universe [23]. In GR, geometry is determined by mass distribu-
tion. However, it is not unique up to boundary condition. This requires the
gravitational constant of the BD theory depending on space-time. This means
that the gravitational constant plays the role of a dynamical scalar field φ.
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In addition, the BD theory is proposed to make the results of GR compatible
with several experimental and observational data from small to large scales.
For example, observations of the solar system and other gravitational systems
constrained the parameter of the BD theory, ω as ω > 40, 000 [24] where the
theory approaches to GR when ω →∞.
The BD theory has been studied in order to solve various problems in
gravity and cosmology. The dynamical system method has been utilized as an
useful tool for investigating several aspects in cosmology [25, 26] and see [27]
for recent review. In particular, it is used to gain a qualitative understanding
of the dynamics of the universe in asymptotic regions, i.e., early and late times
of the universe. Having use of the dynamical system analysis, a good candidate
of the cosmological models needs to consequently evolve following the series of
standard cosmological epochs, i.e., inflation → radiation → dust (matter) →
DE phase [8]. A huge number of the studies in the BD cosmological models are
extensively analyzed using dynamical system in various classes of the potentials
with additional matter fields [28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40,
41, 42, 43, 44]. Interestingly, the BD gravity with the quadratic potential gives
the de-Sitter (dS) attractor critical point in the phase space of this model and
provides an explanation of the accelerated expansion of the Universe without
introducing any form of the exotic matter fields [34]. Nevertheless, choosing
the types of the potential term in the BD gravity is somewhat arbitrary and a
particular form of the potential does not occur naturally from the BD model.
We will show in the latter that using only extra fields the same cosmological
consequences can be achieved.
Moreover, a common prediction from the string theory, one of the candidate
of quantum gravity theories with the extra-dimension, is an existence of the
scalar field (spin-0) a counterpart of the graviton (spin-2) called the dilaton
[45]. Therefore, at low-energies, string theory suggests that the compatible
theory of gravity is the scalar-tensor gravity rather than GR. The dilaton
plays a central role in several observed phenomena in high energy physics such
as the inflaton field [46, 47, 48], DM [49], Dark Radiation (DR) [50, 51], and
cosmological constant [52, 53]. Originally, the Kaluza Klein (KK) theory was
first introduced to combine gravity (GR) and electromagnetic theory in the
single framework by introducing extra dimension see review and monograph
[54, 55, 56, 57]. The idea of compactification of higher dimension has been a
corner stone of the string theory since [58, 59].
Inspired by the KK theory, we will show that the BD theory with a partic-
ular value of the ω parameter is obtainable by the KK dimensional reduction
process and the residual fields are perfect candidates for solving DM & DE
problems. This work is organized as follow, the simple toy model of the KK
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inspired BD gravity is set up in section 2. Next section, we derive all relevant
equations of motion. In section 4, we restrict our model in a lower mass case
of the KK inspired BD. To demonstrate a possibility of DM & DE existence
in our model, the autonomous equations in the light of the dynamical system
framework is derived and the stability of the fixed points are analyzed in sec-
tion 5. The results and discussion are in section 6. We close this work by
conclusion section with some implication of this work in the last section.
2. The Model
The KK-inspired BD model will be derived in this section. We start with
the 5 dimensional action for KK gravity and a free massive scalar field, η˜
propagating in the 5 dimensional spacetime, it reads,
S =
∫
d4xdy
√
−g˜
(
−R˜+ εgˆAB∂Aη˜∗∂B η˜ − εM2(5)η˜∗η˜
)
, (1)
where we used Planck mass unit,
√
16piG = 1, and the metric convention is
mostly minus. The ε is used for dividing cases into a normal scalar field and a
phantom field. The mass parameter of the scalar field in 5 dimension spacetime
is denoted as M(5). In this work, we have used the capital Roman alphabets
representing the 5 dimensional spacetime indices as A,B,C, · · · = 0, 1, 2, 3, 5
while the Greek alphabets stand for physical dimensional spacetime indices
via µ, ν, σ, · · · = 0, 1, 2, 3. The R˜ = R˜AB g˜AB is the 5 dimensional Ricci scalar
and the 5 dimensional spacetime metric, g˜AB is given by [55],
g˜AB =
(
gµν + φ
2AµAν φ
2Aµ
φ2Aν φ
2
)
, (2)
where Aµ is the electromagnetic gauge field and φ is the dilaton field. Assuming
that the extra dimension is compactified in a circle of radius Rk, there is a
periodic shift symmetry in the 5th direction as
y → y + 2piRk. (3)
After performing a dimensional reduction, the gravitational part of the action
becomes
SBD = −
∫
d4x
√−gφ
(
R+ 1
4
φ2FµνF
µν +
2
3
∂µφ∂µφ
φ2
)
, (4)
The above action is equivalent to the BD gravity with ω = −4/3. We note
that the KK gravity with the dimensional reduction in 5 dimension gives a
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non-minimal coupling to the 4 dimensional Ricci scalar which is equivalent to
the BD gravity with non-minimal coupling to the EM field. The action for the
free scalar field can also be reduced to 4 dimensional action as follow. Starting
with the Fourier expansion of the complex scalar field,
η˜(xµ, y) =
∞∑
n=0
eiyn/Rk ηˆn(x
µ), (5)
then integration over the extra dimension gives∫ 2piRk
0
dy∂M η˜
∗∂M η˜ = 2piRk
∞∑
n=0
[
∂µηˆn∂
µηˆ∗n +
(
1
φ2
+ κ2AνA
ν
)
n2
R2k
ηˆnηˆ
∗
n
]
. (6)
We redefine the new field with
ηn =
√
2piRkηˆn. (7)
Using the assumption that the 4 dimensional fields are real, i.e., η∗n = ηn, the
action becomes canonical scalar field which is the starting point for us to solve
the equation of motion:
SKK = ε
∫
d4x
√−gφ
∞∑
n=0
[
∂µηn∂
µηn −M2(5)η2 +
(
1
φ2
+ AνA
ν
)
n2
R2k
η2n
]
. (8)
Before we move forward to calculate the equations of motion in the next sec-
tion. It is worth to remark some discussions about the KK inspired BD gravity
in the present work. One sees that the dilation is generated by the dimensional
reduction from the compactification of the extra (fifth) dimension in the KK
gravity and non-minimally couples to the gravity in 4 dimension. Moreover,
having use the Fourier expansion of the complex scalar field in Eq. (7), this
leads to a certain form of the potential from the KK inspired BD model that
the dilaton is coupled with the scalar fields, ηn, from the 5-dimension as shown
in Eq. (8). This is a salient feature of the KK inspired BD gravity with a spe-
cific form of the potential whereas the potential form of the traditional BD
graviy model is arbitrary.
3. Equation of Motions
In this section, we are going to work out the equations of motion in our
model that are useful in the following when the equations of the dynamical
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system are derived. We would like to study the the FRW universe with the
spatially flat that satisfies the metric
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2), (9)
so gtt = 1 and gij = −δija2(t) for i, j = 1, 2, 3. where a(t) is the scale factor in
the co-moving frame.
The non-vanishing components of the Christoffel symbol in Cartesian co-
ordinates are:
Γtij = a˙aδij, Γ
i
tj =
a˙
a
δij . (10)
After deriving through the Euler Lagrange equation, we obtain the equation
of motion for φ as:
R = 4
3
√−gφ∂
µ(
√−g∂µφ)− 3
4
φ2FµνF
µν − 2
3φ2
∂µφ∂µφ
+ε
∞∑
n=0
[
∂µηn∂
µηn −M2(5)η2 +
(
1
φ2
+ AνA
ν
)
n2
R2k
η2n
]
, (11)
and the equation of motion for the gauge field, Aµ:
φ3∇µFµν = −εAν
( ∞∑
n=0
n2η2n
R2k
)
, (12)
and the equation of motion for scalar field, ηn’s:
1√−g∂
µ(
√−g∂µηn) = φ
(
1
φ2
+ AµA
µ
)
n2
R2k
ηn − φM2(5)ηn. (13)
The energy-momentum tensor is defined as
T µν = − 2√−g
δ(
√−gLmatter)
δgµν
, (14)
For simplicity, we identify the matter field Lagrangian as
Lmatter = −1
4
φ3F 2 − 2
3
∂µφ∂
µφ
φ
+εφ
[
∂µηn∂
µηn −M2(5)η2 +
(
1
φ2
+ AνA
ν
)
n2
R2k
η2n
]
. (15)
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Let’s put this into Eq.(14). We obtain the energy momentum tensor in the
following form,
Tµν = φ
3FµαFν
α − gµν
4
φ3F 2 +
2
3
∂µφ∂νφ
φ
− εφ
∞∑
n=0
∂µηn∂νηn (16)
− 2εφAµAν
∞∑
n=0
n2η2n
R2k
+ gµνεφ
∞∑
n=0
[(
1
φ2
+ AνA
ν
)
n2
R2k
η2n −M2(5)η2n
]
.
For the calculation of the field strength tensor, F µν , we assume homoge-
neous gauge and scalar fields conditions where
∂iA
µ = 0, and ∂iφ = 0 (17)
Therefore, the components can be calculated as follow:
F ti = ∇tAi −∇iAt = ~˙A+ 2H ~A, (18)
F ik = ∇iAk −∇kAi = 0, (19)
where above we use H = a˙
a
.
Having use all relevant calculations, the Einstein field equation of the KK
inspired BD gravity takes the form
φ(Rµν − 1
2
gµνR) + gµν∇σ∇σφ−∇µ∇νφ = Tµν . (20)
We can arrive at the Friedmann equation by looking for the tt component in
Einstein equation. The time component of the Einstein tensor is given by
Gtt =
a˙2
a2
, (21)
and the Friedmann equation becomes(
a˙
a
)2
= −φ
2a2
2
(
~˙A+ 2H ~A
)2
+
2φ˙2
3φ2
− ε
∞∑
n=0
η˙2n
+ε
∞∑
n=0
[(
1
φ2
+ AνA
ν
)
n2
R2k
−M2(5)
]
η2n, (22)
on the above calculation we use the fact that
F tσF tσ = gijF
tiF tj = −a2
(
~˙A+ 2H ~A
)2
, (23)
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and
FµνF
µν = FtiF
ti + FitF
it = −2a2
(
~˙A+ 2H ~A
)2
. (24)
In order to calculate the Raychaudhuri’s equation, we use the spatial com-
ponents of Einstein field equation. The energy momentum tensor in the ij
components is
Tij = φ
3a4
(
~˙A+ 2H ~A
)
i
(
~˙A+ 2H ~A
)
j
− a
4δij
2
φ3
(
~˙A+ 2H ~A
)2
(25)
− 2εφAiAj
∞∑
n=0
n2η2n
R2k
− a2δijεφ
∞∑
n=0
[(
1
φ2
+ AνA
ν
)
n2
R2k
η2n −M2(5)η2n
]
.
From Einstein equation in Eq.(20), the left-handed side is
φGij + gij√−g∂0
(√−g∂0φ) = −φδij (a˙2 + 2aa¨)− δij (3aa˙φ+ a2φ¨) (26)
Using the relation H˙ = a¨
a
− a˙2
a2
and taking trace, we find
−3φ¨ = 3φH2 + 6φ
(
H˙ +H2
)
+ 9Hφ˙
− a
2φ3
2
(
~˙A+ 2H ~A
)2
− 2εφa2| ~A|2
∞∑
n=0
n2η2n
R2k
− 3εφ
∞∑
n=0
[(
1
φ2
+ AνA
ν
)
n2
R2k
η2n −M2(5)η2n
]
. (27)
In this section, we have derived all related equations of motion in the KK
inspired BD gravity and they will be useful to derive the autonomous system
in the dynamical system analysis below. Due to the complexity of the system
of equations, we will focus our study only the vacuum case. We consider this
work as a toy model and leave the inclusion of the barotropic fluid for the
future work.
4. Lower Mode Cases
In KK theory, it is known that the eigenvalue of momentum operator in 5th
direction of a higher mode ηn is given by |n|/Rk. Therefore, a higher mode
which has a momentum larger than our physical scale, i.e. reduced Planck
scale, will be neglected. The remaining modes satisfying the condition:
n < Rk (28)
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will play a role in equation of motions. In this project we will study the non-
obvious simplest case, 1 < Rk < 2. In this case, only zero mode and the first
mode involve in the Lagrangian. The set of equations of motion becomes: for
the dilaton field, φ,
φ¨+ 3Hφ˙ = −9
2
φ
(
H˙ + 2H2
)
− 9
8
φ3a2 ~A2c +
φ˙2
2φ
− 3
4
εφη˙20 −
3
4
εφη˙21
+
3
4
εφ
(
1
φ2
+ a2 ~A2
)
η21
R2k
+
3
4
εφM2(5)η
2
0 +
3
4
εφM2(5)η
2
1, (29)
for the zero mode, η0 and the first excited mode, η1 scalar fields,
η¨0 +
φ˙
φ
η˙0 + 3Hη˙0 +M
2
(5)η0 = 0, (30)
η¨1 +
φ˙
φ
η˙1 + 3Hη˙1 +M
2
(5)η1 =
(
1
φ2
− a2 ~A2
)
η1
R2k
. (31)
The following gauge fixing is used and this leads to
A0 = 0, ~˙Ac + 3H ~Ac + ε
~Aη21
R2k
= 0, (32)
where ~Ac ≡ ~˙A+ 2H ~A. Having use all relevant ingredients and substituting in
Eq.(22), the final form of the Friedman equation is written as(
a˙
a
)2
= −φ
2a2
2
~A2c +
2φ˙2
3φ2
− εη˙20 − εη˙21 − εM2(5)η20 − εM2(5)η21
+ε
(
1
φ2
− a2 ~A2
)
η21
R2k
. (33)
Finally, the Raychaudhuri equation becomes
−3φ¨ = 3φH2 + 6φ
(
H˙ +H2
)
+ 9Hφ˙− a
2φ3
2
~A2c + εφa2| ~A|2
η21
R2k
−3ε
φ
η21
R2k
+ 3φεM2(5)η
2
0 + 3φεM
2
(5)η
2
1. (34)
Solving Eqs.(29) and (34) together gives
H˙ =
13a2 ~A2η21
30R2k
− 31
60
a2φ2 ~A2c −
3
10
η˙21 +
7
10
M2(5)η
2
1 −
η21
10R2kφ
2
−12H
2
5
− 3
10
η˙20 +
7
10
M2(5)η
2
0 +
φ˙2
5φ2
, (35)
9
and
φ¨ = −6a
2 ~A2η21φ
5R2k
+
6
5
a2φ3 ~A2c +
3
5
φη˙21 −
12
5
M2(5)η
2
1φ+
6η21
5R2kφ
−3Hφ˙+ 9
5
H2φ+
3
5
φη˙20 −
12
5
M2(5)η
2
0φ−
2φ˙2
5φ
. (36)
So far, we have derived all equations of motion which will be used in the
following sections in order to perform a dynamical system analysis in KK
inspired BD model.
5. Dynamical System
In this section, we will demonstrate an existence of DM and DE in KK
inspired BD model by using the dynamical system method. The dynamical
system is very suitable for qualitatively studying the dynamics of the universe.
This might provide some hints of the evolution of the universe with matter
fields. Next we develop the dynamical system by defining the set of parameters
as follow:
~X1 =
a
H
Ac, X2 =
√
2
3
φ˙
Hφ
, X3 =
η˙0
H
, X4 =
η˙1
H
,
X5 =
1
φ
, ~X6 = a ~A, X7 =
η1
HRk
, X8 =
η0
HRk
. (37)
Then the Friedmann equation can be used as a constrained equation
1 = −
~X21
2X25
+X22 −εX23 −εX24 +ε
(
X25 − ~X26
)
X27 −εM2(5)R2k
(
X27 +X
2
8
)
. (38)
Moreover, we define new parameters as
λ ≡M(5)Rk and µ ≡ 1
HRk
. (39)
Then the conformal derivative of new parameters can be derived in terms of
newly defined parameters as follow:
1
H
dX1
dt
= − 3
10
~X1X
2
2 +
3
10
ε ~X1X
2
3 +
3
10
ε ~X1X
2
4 +
1
10
ε ~X1X
2
5X
2
7 +
2X1
5
− ε ~X6X27
−13
30
ε ~X1 ~X
2
6X
2
7 −
7
10
ελ2 ~X1X
2
7 −
7
10
ελ2 ~X1X
2
8 +
31 ~X31
60X25
, (40)
1
H
dX2
dt
=
31 ~X21X2
60X25
+
2
√
6 ~X21
5X25
+
3
10
εX2X
2
3 +
3
10
εX2X
2
4 +
1
10
εX2X
2
5X
2
7
10
−13
30
εX2 ~X
2
6X
2
7 −
7
10
λ2εX2X
2
7 −
7
10
λ2εX2X
2
8 −
1
10
3X32 −
7
5
√
3
2
X22
−3X2
5
+
1
5
√
6εX23 +
1
5
√
6εX24 +
2
5
√
6εX25X
2
7 −
2
5
√
6ε ~X26X
2
7
−4
5
√
6λ2εX27 −
4
5
√
6λ2εX28 +
3
√
6
5
, (41)
1
H
dX3
dt
=
31 ~X21X3
60X25
− 3
10
X22X3 −
√
3
2
X2X3 +
3
10
εX3X
2
4 +
1
10
εX3X
2
5X
2
7
−13
30
εX3 ~X
2
6X
2
7 −
7
10
λ2εX3X
2
7 −
7
10
λ2εX3X
2
8
+
3
10
εX33 −
3X3
5
− λ2µX8, (42)
1
H
dX4
dt
=
31 ~X21X4
60X25
− 3
10
X22X4 −
√
3
2
X2X4 +
3
10
εX23X4 +
1
10
εX4X
2
5X
2
7
−13
30
εX4 ~X
2
6X
2
7 −
7
10
λ2εX4X
2
7 −
7
10
λ2εX4X
2
8 +
3
10
εX34 −
3X4
5
+µX25X7 − µ ~X26X7 − λ2µX7, (43)
1
H
dX5
dt
= −
√
3
2
X2X5, (44)
1
H
d ~X6
dt
= ~X1 − ~X6, (45)
1
H
dX7
dt
=
31 ~X21X7
60X25
− 3
10
X22X7 +
3
10
εX23X7 + µX4 +
3
10
εX24X7
+
1
10
εX25X
3
7 −
13
30
ε ~X26X
3
7 −
7
10
λ2εX7X
2
8
− 7
10
λ2εX37 +
12X7
5
, (46)
1
H
dX8
dt
=
31 ~X21X8
60X25
− 3
10
X22X8 + µX3 +
3
10
εX23X8 +
3
10
εX24X8
+
1
10
εX25X
2
7X8 −
13
30
ε ~X26X
2
7X8 −
7
10
λ2εX27X8
− 7
10
λ2εX38 +
12X8
5
, (47)
1
H
dµ
dt
=
12µ
5
+
31µ ~X21
60X25
− 3
10
µX22 +
3
10
µX23 +
3
10
µX24
+
1
10
µX25X
2
7 −
13
30
µ ~X26X
2
7 −
7
10
λ2µX27 −
7
10
λ2µX28 . (48)
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In order to find critical points from the dynamical system, we solve by setting
all the derivatives, Eqs.(40) - (47) equal to zero together with the constraint
equation (38). In addition, the critical point corresponds to the exact solution
for each epoch of the dynamics of the universe.
The stability of a critical point is analyzed by finding the eigenvalues of
the matrix:
Mij =
d
dXi
(
1
H
dXj
dt
)
. (49)
If all eigenvalues are negative, then a critical point is a stable fixed point.
Whereas any positive eigenvalue signifies an instability of a critical point.
The energy densities for each type of field are following:
Ω ~A = −
~X21
X25
− ε ~X26X27 , Ωφ = X22 + εX25X27 ,
Ωη0 = −ε
(
X23 + λ
2X28
)
, Ωη1 = −ε
(
X24 + λ
2X27
)
. (50)
The effective equation of state is given by
weff = −1− 2H˙
3H2
. (51)
We can represent the equation of state in terms of the dimensionless variables
by using in Eq.(35). We also can use the effective equation of state to identify
the expansion phases where weff < −1/3 and weff > −1/3 represent the ac-
celeration and deceleration expansion of the universe, respectively. Moreover,
the exact solution for each critical point can be obtained by performing the
integration of the effective equation of state in Eq.(51). One finds,
a(t) =
{
a0(t− t0)γ , weff 6= −1 , and γ = 23(1+weff) ,
a0e
C(t−t0) , weff = −1 ,
(52)
where a0 and t0 are integration constants of the scale factor and cosmic co-
moving time respectively. For weff = 0, the universe undergoes the matter-
dominated phase, i.e., a(t) ∝ t2/3. For weff = −1 with the positive constant,
C, this is a dS critical point which corresponds to the acceleration expansion
solution. It is worth noting that the exact solution of the scale factor is easily
found for each critical point by substituting the effective equation of state.
6. Result
Since the system involves 8 main parameters, X1 − X8, with 1 auxiliary
parameter, µ, it would be much easier to see the behaviours of the solution
12
non-vanishing values non-vanishing density w
X24 =
5
3
, X25 =
121
90µ2
, X27 =
60µ2
121
Ωφ = −23 , Ωη1 = 53 −79
~X21 = F (µ), X
2
4 = G(µ), X
2
5 = J(µ) ΩA(µ), Ωφ(µ) w(µ)
~X26 = F (µ), X
2
7 = Q(µ), µ < 0.58 Ωη1(µ) (see Fig 1) (see Fig 2)
Table 1: The solutions from M(5) 6= 0. All critical points in this case are saddle points.
Figure 1: The energy density parameters for ~A, φ, η0 and η1 from the second solution in
Tab 6.1. Ωη0 = 0 as the field is decoupled where Ω ~A, Ωφ, Ωη1 slightly change as µ increases.
if the analysis is simplified somewhat. In this section we will first assume
that there is no universal mass at 5 dimensional field theory M(5) = 0. Then,
we consider M(5) 6= 0 in various corners of the phase space of the dynamical
system.
6.1. M(5) = 0
If M(5) = 0, then X8 is decoupled from the Friedman equation. It is easier
to analyse with the assumption that X3 = 0 and X8 = 0 since
1
H
dX3
dt
= 0 and
1
H
dX8
dt
= 0 are satisfied automatically. After the analysis, we found that in
the case where ε = 1, there is no real solution. With ε = −1, the classes of
solutions are shown in the table below. Note that all critical points are saddle
for all value of µ.
The functions for the second solution in Tab 6.1 are listed below:
F (µ) =
1
9284411808µ6
(
5c31 + 6c
2
1
(
4869µ2 − 1400)
13
Figure 2: The equation of state as a function of µ from the second solution in Tab 6.1
+ 5664c1
(
9963µ2 − 5075)µ2 + 4177200 (1944µ2 − 5887)µ4), (53)
Q(µ) = − 1
515800656µ4
(
c31 + 12c
2
1
(
363µ2 − 140)
+ 2832c1
(
1755µ2 − 1148)µ2 + 167088 (2916µ2 − 10031)µ4), (54)
J(µ) =
c1
708µ2
, (55)
G(µ) =
−2F (µ)J(µ), Q(µ) + F (µ) + 2J(µ)2Q(µ) + 2J(µ)
2J(µ)
, (56)
where
a1 =
2891 3
√
6a2 + 559872µ4 − 692730µ2 + 140608
µ2
+
11564 22/3 (338− 945µ2)
µ2 3
√
3a2 + 279936µ4 − 346365µ2 + 70304
+ 944
(
1204
µ2
− 2511
)
+
3600 (7− 27µ2)2
µ4
, (57)
a2 =
√
x2 (8707129344x6 − 9544417920x4 + 4824717057x2 − 804980800),
(58)
b1 =
343 (62208µ6 + 60353µ4 − 68640µ2 + 36000)
10443
√
a1µ6
14
− 49
3
√
3a2 + 279936µ4 − 346365µ2 + 70304
1062 22/3µ2
+
49 22/3 (945µ2 − 338)
531µ2 3
√
3a2 + 279936µ4 − 346365µ2 + 70304
+
8
531
(
1204
µ2
− 2511
)
+
200 (7− 27µ2)2
3481µ4
, (59)
c1 =
√
a1µ
2 + 354
√
b1µ
2 − 1620µ2 + 420. (60)
6.2. M(5) 6= 0
It is evident that the complications of the autonomous system in Eqs.(40-
47) in the case of M(5) 6= 0 lead to the very complicated solutions of the fixed
points which can not generically be represented in terms of λ and µ parameters
analytically. To demonstrate DM and DE profiles of the KK inspired BD
model in this work, we simply analyze the dynamical system in our model
by assuming that there are decoupled fields in various settings. However it is
important to note that, according to the constraint equation in Eq.(38) and
derivative of X2 in Eq.(41), we are forbidden to decouple φ (assuming X2 = 0
along with X5 = 0) for all cases.
6.2.1. (φ, η0)-system
We first consider the (φ, η0)-system case i.e., X3 6= 0 and X8 6= 0 due to the
density parameters defined in Eq.(50) and the constraint equation in Eq.(38).
In this case, we obtain,
~X1 = X4 = ~X6 = X7 = 0 . (61)
Moreover, the constraint equation can be rewritten as
1 = X22 − εX23 − ελ2X28 . (62)
This constraint reduces the autonomous system down to 3 dimensional phase
space as
1
H
dX3
dt
= − 3
10
(
1 + εX23 + ελ
2X28
)
X3 −
√
3
2
X3
√
1 + εX23 + ελ
2X28
− 7
10
λ2εX3X
2
8 +
3
10
εX33 −
3X3
5
− λ2µX8, (63)
1
H
dX5
dt
= −
√
3
2
X5
√
1 + εX23 + ελ
2X28 , (64)
15
1H
dX8
dt
= µX3 +
3
10
εX23X8 −
7
10
λ2εX38 +
12
5
X8 . (65)
In this case, we found that all real positive fixed points of this autonomous
system always come with the X5 = 0 solution. This means the dilaton field,
φ diverges φ → ∞ which is an unphysical solution. Therefore we do not
further analyze the case where η0 is not decoupled, i.e., we will only assume
X3 = X8 = 0 from now on.
6.2.2. (φ, η1)-system
In this case, we consider (φ, η1)-system, X4 6= 0 and X7 6= 0. This leads to,
~X1 = X3 = ~X6 = X8 = 0 , (66)
with the following constraint equation,
1 = X22 − εX24 + εX25X27 − ελ2X27 . (67)
The autonomous system is reduced to three differential equations as
1
H
dX4
dt
= − 3
10
(
1 + εX24 − εX25X27 + ελ2X27
)
X4 +
3
10
εX23X4
+
1
10
εX4X
2
5X
2
7 −
√
3
2
X4
√
1 + εX24 − εX25X27 + ελ2X27
− 7
10
λ2εX4X
2
7 +
3
10
εX34 −
3X4
5
+ µX25X7 − λ2µX7, (68)
1
H
dX5
dt
= −
√
3
2
X5
√
1 + εX24 − εX25X27 + ελ2X27 , (69)
1
H
dX7
dt
= − 3
10
(
1 + εX24 − εX25X27 + ελ2X27
)
X7 + µX4 +
3
10
εX24X7
+
1
10
εX25X
3
7 −
7
10
λ2εX37 +
12X7
5
. (70)
The critical points with ε = ∓1 in this case are given by
X
(∓)
4 =
∆(∓)
408µ
(
±75 +
√
816λ2µ2 + 5625
)
, (71)
X
(∓)
5 =
1
34µ2
√
1360λ2µ4 − 27
2
µ2
(
±75 +
√
816λ2µ2 + 5625
)
, (72)
X
(∓)
7 =
∆(∓)
6
, (73)
∆2(∓) =
√
816λ2µ2 + 5625∓ 75
λ2
. (74)
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Figure 3: The contour plot for the equation of state in the case where η1 is not decoupled
and ε = −1.
Figure 4: The contour plot for the equation of state in the case where η1 is not decoupled
and ε = 1.
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where the superscripts (∓) are represented for ε = −1 and ε = +1, respec-
tively. The effective equations of states for both ε = ∓1 in the η1 6= case are
given by
w
(∓)
eff =
1
102
(
−27±
√
816λ2µ2 + 5625
)
. (75)
The equation of state as a function of µ is depicted in Fig. 3 and 4. As
a result, we found that weff ≥ 0.47 for all values of λ and µ for ε = −1.
Whereas weff ≤ −1 for ε = −1. In addition, the non-vanishing energy density
parameters in this case are given by
Ω
(∓)
φ =
5
306
(
2
√
816λ2µ2 + 5625∓ 105
)
, (76)
Ω(∓)η1 =
1
306
(
±831− 10
√
816λ2µ2 + 5625
)
. (77)
Having use the definition of the stability matrix in Eq.(49), the real parts of
the eigenvalues in this case are always coming with the plus and minus signs
for positive λ and µ. This shows that these critical points are saddle points.
Therefore, η1 and φ are insufficient to exhibit DM/DE behaviour.
6.2.3. (φ, η1, ~A)-system
The final consideration in this section is non-vanishing ~Ac field. According
to the density parameter of the ~Ac field, we impose,
X3 = X4 = X8 = 0 . (78)
Notice that we further simplify the system by assume that the kinetic term of
η1 (X4) vanishes. The constraint equation in this case is written by
1 = −
~X21
2X25
+X22 + ε
(
X25 − ~X26
)
X27 − λ2X27 . (79)
The autonomous system for this case is composed of four first order differential
equations as
1
H
d ~X1
dt
= − 3
10
~X1X
2
2 +
1
10
ε ~X1X
2
5X
2
7 +
2 ~X1
5
− ε ~X6X27 −
13
30
ε ~X1 ~X
2
6X
2
7
− 7
10
ελ2 ~X1X
2
7 +
31 ~X31
60X25
, (80)
1
H
dX2
dt
=
31 ~X21X2
60X25
+
2
√
6 ~X21
5X25
+
1
10
εX2X
2
5X
2
7 −
13
30
εX2 ~X
2
6X
2
7
18
− 7
10
λ2εX2X
2
7 −
1
10
3X32 −
7
5
√
3
2
X22 −
3X2
5
+
2
5
√
6εX25X
2
7 −
2
5
√
6ε ~X26X
2
7 −
4
5
√
6λ2εX27 +
3
√
6
5
, (81)
1
H
dX5
dt
= −
√
3
2
X2X5, (82)
1
H
d ~X6
dt
= ~X1 − ~X6, (83)
where the X7 variable will be replaced by
X27 =
~X21 + 2 (1−X22 )X25
2X25
(
λ2 −X25 + ~X26
) . (84)
The critical points with ε = ∓1 are read
C1 : ~X1 = 0, X2 = 0, X5 =
√
7
5
λ, ~X6 = 0 (85)
C2 : ~X1 =
√
4
√−39λ4 + 60λ2 + 576− 54λ2 − 81√
59
, X2 = 0,
X5 =
√
53λ2 + 7
√−39λ4 + 60λ2 + 576− 186√
118
,
~X6 =
√
4
√−39λ4 + 60λ2 + 576− 54λ2 − 81√
59
. (86)
We note that the critical points exist both in the cases of ε = ∓1. The equation
of state is given by
weff =
1
45X25
(
X25 − ~X26 − λ2
)[ ~X21 (−26λ2 + 17X25 − 22 ~X26)
+ 2X25
(
X22
(
15λ2 − 6X25 + 11 ~X26
)
+ 15X25 − 20 ~X26 − 24λ2
) ]
. (87)
For the C1 critical point, we obtain,
w
(1)
eff = −
1
3
(88)
which sits on the border between accelerating and decelerating universe. The
non-vanishing energy density parameters for C1 are read
Ω
(1)
φ =
7
2
, Ω(1)η1 = −
5
2
. (89)
19
While for the C2 critical point, the weff takes the complicated form by substi-
tuting C2 in Eq.(87). It reads,
w
(2)
eff =
(9926− 248α)λ2 − 2614α− 2552λ4 + 62580
3 (α− 43λ2 + 24) (7α + 53λ2 − 186) , (90)
α =
√
−39λ4 + 60λ2 + 576 .
To illustrate this, we therefore plot the weff as a function of λ and it is shown
in Fig. 5. At λ = 1.45, this gives weff = 0 representing DM phase. We note
that at λ = 2.062 is the crossing point of the equation of state for DE. In
addition, we found the non-vanishing energy density parameters for C2 as
Ω
(2)
~Ac
=
4 (4ξ − 54λ2 − 81) (7ξ − 6λ2 − 186)
(ξ − 43λ2 + 24) (7ξ + 53λ2 − 186) , (91)
Ω
(2)
φ =
(ξ + λ2 − 12) (7ξ + 53λ2 − 186)
2 (9− 2λ2) (ξ − 43λ2 + 24) , (92)
Ω(2)η1 =
59λ2 (λ2 + ξ − 12)
(2λ2 − 9) (ξ − 43λ2 + 24) , (93)
ξ =
√
576 + 60λ2 − 39λ2 . (94)
The eigenvalues (real part) of the stability matrix for C1 are read
(−1, − 1, − 1, − 1) . (95)
We find C1 being stable points. On the one hand, the eigenvalues (real part)
of the stability matrix for C2 with λ = 1.45 (DM phase i.e., weff = 0) are given
by
(7.395, − 1.995, − 1.995, 1.204), (96)
which means saddle point. On the other hand, the eigenvalues (real part) for
C2 with λ = 2.16 (DE phase with the dS solution, weff = −1) are found as
(−0.472, − 0.472, − 3.292, − 0.204), (97)
which means stable (attractor) point. Therefore, in this (φ, η1, ~A)-system, DM
phase and DE phase are present depending on the λ values.
7. Conclusion and Outlook
In this work, we have presented the KK inspired BD model in order to solve
DM & DE problem. We start from the traditional KK gravitational action
20
Figure 5: The equation of state for (φ, η1, ~A)-system. Notice that depending on the value
of λ, the system is able to exhibit DM and DE bahaviour. The green and red dashed lines
are weff = 0 and weff = −1/3, respectively.
with an introduction of the scalar field in the 5 dimensional spacetime. The
KK compactification process makes the dilaton coupling to the scalar fields
in the bulk spacetime giving a particular form of the potential. We continue
to derive the equations of motion for all relevant matters. The dynamical
system is utilized to demonstrate the existence of DM & DE in the model.
The autonomous system of equations, the effective equation of the state and
the exact solution of the scale factor are constructed. Due to its intricacy of
the dynamical system, the qualitative analysis has been done separately for
M(5) = 0 and M(5)6=0 6= cases in order to aid our understanding.
For the M(5) = 0, there are two real solutions of the critical points for
the canonical scalar fields i.e., ε = −1 whereas the phantom scalar fields,
ε = 1 does not provide any real solution. Since the equation of states are
all positive, we conclude that there is no solution corresponding to DM &
DE. Rich phenomena of cosmological states can be achieved when the mass
parameter of the scalar field, M5 is turned on. We extensively divide the critical
points analysis into three sub cases as (φ, η0), (φ, η1), (φ, η1, ~Ac) systems. It
is worth mentioning that we do not decouple the dilaton from the system
to prevent the divergence of the dilaton which could lead to an unphysical
solution. The interesting physics of the critical points is in the (φ, η1, ~Ac)
21
system. There is a critical point that exhibits both DM (weff = 0) & DE
(weff = −1) behavior depending on the λ parameter. At the DM phase, on
the one hand, the critical point has the scaling solution, a ∝ t2/3 and it is a
saddle point. In DE phase, on the other hand, we found a stable critical point
with the dS solution, a ∝ eCt when the λ parameter increasing to a particular
value.
The results suggest that λ = M(5)Rk is crucial to the KK inspired BD
model in the sense that it controls the DM & DE behavior. Nevertheless,
the presence of the gauge field is also important to the system as the only
case with DM & DE existences has the gauge field couple to the system.
This could lead to an interesting physics of dark photon and dark radiation.
This work is a promising toy model. To gain a deeper understanding of the
problems, the study in a more realistic set up is required for future work and
further investigation, e.g., inclusion of the barotropic fluid, extraction of the
observables from the model and comparing them to the cosmological data.
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